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Periodically driven quantum matter can realize exotic dynamical phases. In order to understand
how ubiquitous and robust these phases are, it is pertinent to investigate the heating dynamics of
generic interacting quantum systems. Here we study the thermalization in a periodically-driven gen-
eralized Sachdev-Ye-Kitaev (SYK)-model, which realizes a crossover from a heavy Fermi liquid (FL)
to a non-Fermi liquid (NFL) at a tunable energy scale. Developing an exact field theoretic approach,
we determine two distinct regimes in the heating dynamics. While the NFL heats exponentially and
thermalizes rapidly, we report that the presence of quasi-particles in the heavy FL obstructs heating
and thermalization over comparatively long time scales. Prethermal high-frequency dynamics and
possible experimental realizations of non-equilibrium SYK physics are discussed as well.
Coherent periodic driving emerges as a fascinating new
tool to induce novel properties both in synthetic quantum
systems and in solid state. Examples include the manip-
ulation of topological Band structures [1–8], the realiza-
tion of light-induced ordered states [9–15], and driving
dynamical transitions from many-body localized to er-
godic phases [16–19]. While it may be possible to stabi-
lize such exotic driven quantum states in an intermediate
prethermal regime [20–24] or by adding disorder [16], the
generic fate of an isolated periodically driven system is
that it absorbs energy from the drive and heats toward
an infinite temperature state, provided that the driving
frequency is low enough [25]. By contrast, for high driv-
ing frequency this absorption is inefficient as it requires
large rearrangements in the many-body state [24, 26, 27].
To elucidate this interplay, it would be valuable to find a
model that captures the effect of strong interactions yet
can be solved in the thermodynamic limit.
In this work, we propose that the generalized Sachde-
Ye-Kitaev (SYK-) model [28, 29] is a prototypical model
for fast heating in periodically driven quantum systems.
The SYK model has been originally introduced as a solv-
able model for a non-Fermi liquid [28, 30]. Recently, work
initiated by Kitaev [29, 31–33] studied quantum dynam-
ics, chaos, and information scrambling in the SYK model
and showed that it saturates bounds for the operator
growth in out-of-time ordered correlation functions [32].
Remarkably, generalizations of SYK models feature a
crossover from a heavy Fermi liquid (FL) to a non-Fermi
liquid (NFL) and can be solved exactly [34]. By peri-
odically driving these models we study the heating dy-
namics of a heavy FL and a NFL in the thermodynamic
limit, see Fig. 1 for an illustration. While we find the
NFL to rapidly thermalize, the existence of well-defined
quasi particles dramatically slows down the full thermal-
ization of the heavy FL. Furthermore, heating can be
suppressed in both cases by driving with sufficiently high
frequencies. The system then enters a prethermal regime
characterized by an effective temperature which is stable
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Kij
FIG. 1. A periodically driven Sachdev-Ye-Kitaev
model. Illustration of a generalized SYK model with peri-
odically modulated hopping terms (red ellipses) and a static
interaction Hamiltonian (blue ellipses). The drive of the hop-
ping is illustrated by the red wiggly lines.
over long times. We also explore a possible experimental
realization of our system by measuring the absorption of
a THz laser that impinges on an irregularly shaped and
perforated graphene flake [35].
The Model.—We focus on a generalization of the
SYK model. It consists of N sites with corresponding
complex fermions ci, i ∈ {0, . . . , N} and is described by
the following Hamiltonian:
Hˆ =
1√
(2N)3
∑
ijkl
Jij;klc
†
i c
†
jckcl +
1√
N
∑
ij
f(t)Kijc
†
i cj ,
(1)
where Kij and Jij;kl are chosen to be random, uncorre-
lated all-to-all couplings which are drawn from Gaussian
distributions with means Kij , Jij;kl = 0 and variances
of KijK∗ij = |K|2 and Jij;klJ∗ij;kl = |J |2, respectively.
The line denotes a disorder average over realizations of
Kij and Jij;kl. We drive the system out of equilibrium
by modulating the hopping term with a periodic drive
f(t) of period T¯ = 2pi/Ω, see Fig. 1. In equilibrium and
ar
X
iv
:1
90
6.
06
34
1v
1 
 [c
on
d-
ma
t.s
tr-
el]
  1
4 J
un
 20
19
2at zero hopping, Kij = 0, the single-particle correlation
function exhibits a scaling solution G(t) ∼ 1/√|t| and
the fermions acquire an anomalous dimension of 1/4. In
this regime quasi-particles do not exist and the density
of states (DoS) diverges as ∼ 1/√ω, which is a strong
NFL feature. However, in the thermodynamic limit any
finite hopping Kij 6= 0 constitutes a relevant pertur-
bation, such that the low-energy physics is described
by long lived fermions. Their life-time is of the usual
Fermi liquid form and diverges for low temperatures as
τLT ∼ 1/T 2. Although the system is a FL at the low-
est energies, it crosses over to the NFL scaling solutions
above the crossover scale Ec ∼ K2/J [34].
Non-equilibrium formalism.—Using an exact
field-theoretic treatment, we solve for the heating dynam-
ics of the SYK model (1) as it is periodically modulated
in time with a sinusoidal drive of frequency Ω and ampli-
tude a. In the thermodynamic limit N →∞ only a small
subset of Feynman diagrams contributes, which can be
resummed. The Kadanoff Baym Equations (KBE’s) that
govern the evolution of the disorder-averaged Green’s
function are then given by the following diagrams
= + + ,
where convolutions in time are performed over the
Kadanoff-Bayam roundtrip contour C going to times in-
finity and back. Grey lines denote the free Green’s func-
tion, G0; black lines the disorder averaged full Green’s
function, G(t, t′) = −i〈TC{ci(t)c†j(t′)}〉 (where TC de-
notes contour time ordering); and dotted lines represent
disorder averages of Kij and Jij;kl, respectively. The pre-
cise form of our KBE’s is read off from the diagrams to
be
G(t, t′) = G0(t, t′) +
∫
C
d2d3 G0(t, 2)Σ(2, 3)G(3, t
′)
Σ(1, 2) = J2 G(1, 2)2G(2, 1) + f(1)f(2)K2 G(1, 2).
(2)
As initial conditions we fix the Green’s function in the
lower quadrant of the two-time plane (t, t′) with low tem-
perature initial states, that are determined by numer-
ically iterating the equilibrium Schwinger-Dyson equa-
tions [32, 36, 37].
We then switch on the drive at time t = 0 and follow
the evolution of the system. The resulting equations are
integrated numerically employing a predictor-corrector
scheme; see supplementary material for details [38]. Fol-
lowing this formalism we obtain self-consistent and con-
serving solutions for the Green’s functions arbitrarily far
from equilibrium.
Heating dynamics of a heavy Fermi liquid.—
We periodically drive both the NFL (also referred to as
strange metal) which arises at low temperatures when the
hopping is negligible and the heavy FL which is the rel-
evant low-energy description for finite hopping Kij 6= 0.
FIG. 2. Energy absorption. (a) Driving the strange metal
leads to a rapid exponential heating as confirmed for a vari-
ety of drive-parameters. (b) The driven heavy Fermi liquid
displays a crossover from slow to exponential heating when
Ω . K2/J . By contrast, for Ω & K2/J the dynamics be-
comes exponential rather quickly.
Both cases are expected to be discernible from their short
time dynamics, which will be dominated by the low en-
ergy excitations that are vastly different in the two cases.
We initially prepare the system in a low-temperature
state T  min(J,K), and then compute the absorbed
energy as a function of time from a diagrammatic expan-
sion to leading order in N
(t) = tr{ρthH(t)} = 1
2N
+
1
N
=
∫
C
dt′
1
2
J2GC(t, t′)2GC(t′, t)2 +K2GC(t, t′)GC(t′, t),
(3)
where the first diagram accounts for interactions and the
second for the kinetic energy.
We first study the heating of the strange metal phase,
by setting f(t) = a sin(Ωt) in Eq. 1, which corresponds
to a drive with zero mean. The system is prepared at low
temperatures βJ = 50, which realizes an approximately
conformal state. Due to the strong scattering and the
absence of quasi-particles the absorbed energy increases
3exponentially comparatively quickly after switching on
the drive and remains so as it crosses over to the free ul-
traviolet theory, see Fig. 2 (a). This exponential heating
is of the form
|SYK(t)| ∼ e−Γ(a,Ω)t
and arises with a frequency and amplitude dependent
rate Γ(a,Ω).
The heating of the heavy Fermi liquid can be richer.
We again prepare the system in a low temperature state
with βJ = βK = 50 which lies deep within the FL
regime. We drive the system by modulating the hop-
ping term Kij periodically around a mean value, f(t) =
1 + a sin(Ωt). In this case the drive commutes with
the hopping, but not with the interaction. Initially,
quasi-particles which are excited are long-lived, since
τFL ∼ 1/T 2. For low drive frequency Ω, the system there-
fore exhibits two heating regimes: (I) sub-exponential
heating at early times and (II) late time exponential heat-
ing. The crossover scale for the transition from slow (I)
to fast (II) heating is tuned by Ω, Fig. 2(b) and is set
by Ec ∼ K2/J . While the absorption at short times de-
pends on the nature of the drive, we find an exponential
heating at late times as a universal property.
Thermalization.—To understand the heating of the
system beyond the dynamics of the energy-density, we
also study observables that more directly probe the
many-body state. In particular, we will evaluate gener-
alized fluctuation dissipation relations (FDR) to extract
effective temperatures. To this end, we transform the
Green’s function to center of mass coordinates, t = (t1 +
t2)/2, and relative coordinates, ∆t = t1− t2, and Fourier
transform the latter. Subsequently we compare the sta-
tistical or Keldysh component GK = −i〈[c(t), c†(t′)]〉
and the spectral components A = 〈{c(t), c†(t′)}〉 of the
Green’s function as follows
GK(t, ω) = tanh
(
βeff.(t)ω
2
)
iA(t, ω). (4)
Provided that the FDR’s are fulfilled at low energies,
we can extract the time-dependent effective temperature
Teff. = 1/βeff. to characterize the state.
We find the FDR’s for the strange metal to be rapidly
fulfilled for comparably weak driving, yielding an effec-
tive time dependent temperature Teff.(t) shortly after the
drive is switched on. We can compare this temperature,
with a thermal state evaluated at the instantaneous en-
ergy density via the self-consistent relation
(t) = 〈Hˆ〉Tinst.(t). (5)
Comparing, the two temperatures Teff.(t) and Tinst.(t)
tells us how thermal the system is at a certain time t.
The strange metal shows almost instantaneous ther-
malization, since the two temperatures agree already at
short times, see of Fig. 3(a) and the FDR’s are fulfilled
FIG. 3. Fluctuation-dissipation relations under per-
odic driving. (a) For the driven strange metal, the effective
temperature Teff.(t) obtained from FDRs quickly agrees with
the instantaneous temperature Tinst.(t) obtained from assum-
ing thermal equilibrium at the instantaneous energy density,
see Eq. (5), highlighting the fast thermalization. (b) FDR’s
at four different stroboscopic times indicated by the arrows in
(a). (c) The Fermi liquid fails to thermalize for long times, in-
dicated by the deviations between the two temperatures. (d)
The corresponding FDR’s are step-like and are only fulfilled
at low energies.
over a reasonably large energy regime (b). Thus the
system quickly falls back to its equilibrium albeit at a
temperature that increases with time. At late times the
temperature grows exponentially as T SYKeff. (t) ∼ eΓ(a,Ω)t.
This is connected to the exponential energy absorption
by the diverging specific heat CSYKV ∼ 1/T 2 +O(1/T 4).
By contrast, the presence of quasi-particles in the
heavy Fermi liquid obstructs thermalization on short
time scales and FDR’s are fulfilled only for small energies,
see Fig. 3(d), where the FDR’s exhibit kinks at low fre-
quencies which are reminiscent of the low-temperature
initial state. Extracting an effective temperature scale
from the low energy behavior shows that for long time
spans the two different notions of temperature strongly
disagree, Fig. 3 (c). Only at late times the system ther-
malizes and well-defined FDR’s emerge, indicating that
the system is in thermal equilibrium.
For weak driving we can estimate the temperature
scale T ∗ at which the system thermalizes by comparing
the dissipative response ΓE ∼ a2Ωχ′′(Ω), where χ′′(Ω) is
the imaginary part of the kinetic energy correlator, with
the decay rate of excitations in the heavy FL 1/τLT ∼ T 2,
which gives T ∗ ∼ a√Ωχ′′(Ω). The effective thermaliza-
tion time scale is then set by t∗ ∼ 1/T ∗ and is thus
inversely proportional to the driving strength, which is
confirmed by our numerical simulations (not shown). By
contrast in the strange metal the inverse life time scales as
1/τNFLLT ∼ T , leading to a T ∗ ∼ a2Ωχ′′(Ω) that is strongly
4FIG. 4. Fast driving. (a) The exact energy density of the
system (blue) shows good agreement with the evolution of an
effective Floquet Hamiltonian (green dash-dotted line). Turn-
ing on the rapid drive acts as a quantum quench, after which
the system effectively stops absorbing energy and enters a
prethermal plateau. (b) In this prethermal regime the sys-
tem is thermal, see FDR’s in the inset, with a temperature
that is nearly constant. Only after long times the system can
heat up to infinite temperature.
suppressed at small drive amplitudes. The temperature
of our initial state is therefore already of the same order
of magnitude as T ∗ supporting the rapid thermalization
of the NFL. Since our model of Eq. 1 is rather generic,
we expect that slow thermalization can also be present in
more complex physical systems with weakly interacting
quasi-particles, providing an alternative route of control-
ling heating dynamics in Floquet systems.
High frequency dynamics.— So far, we have con-
sidered drive frequencies that are slow compared to the
bandwidth of the couplings. Heating can be slowed down
by increasing the driving frequency Ω. The intermediate-
time, stroboscopic, evolution of the system is governed
by the Floquet Hamiltonian, HF := i ln[U(T¯ )]/T¯ , where
U(T ) is the unitary time evolution operator over one driv-
ing period. HF can be determined perturbatively in the
inverse frequency, 1/Ω, of the drive using the Magnus
expansion (ME)
HF = H
0
F +H
1
F + . . . , (6)
with H0F =
1
T¯
∫ T¯
0
H(t) and H1F =
1
2!T¯ i
∫ T¯
0
dt1
∫ t1
t0
dt2[H(t1), H(t2)]. This effective high-
frequency Hamiltonian is conserved up to exponentially
long times t∗ ∼ eO(Ω/J) in Ω. For times t  t∗ the
system is therefore expected to be approximately static
and well-described by the ME Hamiltonian.
We find that the fast drive simply renormalizes the
coupling Jij;kl of the SYK model. To first order, the ME
yields the new effective Hamiltonian:
HˆF =
1√
2N
3
∑
ijkl
Jij;klc
†
i c
†
jckcl+
+
−i
Ω
1√
23N4
∑
ijkl
J˜ijklc
†
i c
†
jckcl + O(1/Ω2),
(7)
where J˜ijkl denote the interactions induced by the drive,
which are evaluated by explicitly using commutation
relations. We find the following couplings J˜ijkl =
2
∑
µKiµJµjkl− 2
∑
µ JijkµKµl. To this order these cou-
plings can be treated as independent from the original
Jijkl due to disorder-averages over Kij . As the J˜ijkl
are sums over products of Gaussian distributed vari-
ables, J˜ijkl are again Gaussian distributed, by the cen-
tral limit theorem with mean J˜ij;kl = 0 and variance
J˜ij;klJ˜∗ij;kl = 4|J |2|K|2.
Starting from a low temperature state βJ = 50 and
switching on a rapidly oscillating drive, we find that the
dynamics is divided into two regimes (Fig. 4): (I) At
short times, the rapid drive acts as a perturbation which
rearranges the many-body state and leads to some finite
energy absorption. The stroboscopic dynamics is approx-
imately described by a quantum quench to the Floquet
Hamiltonian, HˆF. (II) After that the energy absorption is
strongly suppressed and the system enters a pre-thermal
regime. By solving for the exact dynamics we find that
the system respects effective FDR’s, see Fig. 4 (a) inset.
The system remains trapped in a quasi-static strongly
correlated state for long times and evolves according to
the effective Floquet Hamiltonian.
Graphene flakes.—Graphene flakes with sufficiently
disordered boundaries, in strong background magnetic
fields have recently been proposed to realize exotic SYK
physics [35]. Here, we generalize these ideas to include
driving by classical laser light that impinges onto the
Graphene flake; see Supplemental Material [38]. This
leads to a periodically driven SYK Hamiltonian as in
Eq. (1), where N is proportional to the number of zero
modes in the lowest Landau level which scales with the
flux through the sample. As the strange metal behavior
appears for N  1, high magnetic fields are required.
The flux can, however, also be increased by consider-
ing larger flakes which contain irregularly shaped holes
in their interior [39], allowing one to obtain the same
number of modes N in the lowest Landau level albeit at
smaller applied magnetic fields. The light-induced driv-
ing term then dissipates energy in the system and leads to
heating, which can for example be measured by transmis-
sion spectroscopy. To qualitatively predict the behavior
of the dynamics, one needs to study the disorder param-
eters for realized flake geometries.
Conclusions and Outlook.—We studied the heat-
ing dynamics in periodically driven heavy Fermi liquids
5and strange metals. We focus on generalized SYK mod-
els, which remain exactly solvable using non-equilibrium
field theory. These systems absorb energy exponentially
quickly at late times, as they approach their infinite tem-
perature states. While the strange metal thermalizes al-
most instantaneously, the heavy Fermi liquid requires a
comparatively long time to equilibrate. We argue that
this behavior is a result of relatively weakly interacting
quasi-particle excitations whose lifetime scales as 1/T 2
at low temperatures. This effect provides an alternative
route to suppress heating in more complex periodically
driven systems in the future. We also report a prethermal
regime for high-frequency drives and propose experimen-
tal opportunities to probe non-equilibrium SYK physics
irradiating irregularly shaped graphene flakes. Differ-
ent flavors of SYK models offer exciting possibilities to
study exactly non-equilibrium dynamics in the presence
of strong interactions.
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Supplemental Material:
The periodically driven Sachdev-Ye-Kitaev model
Schwinger Dyson equations on the Kelydsh contour
We obtain the non-equilibrium correlation functions of our system by solving the exact Schwinger Dyson equations
on a Keldysh contour. Here we sketch the iterative numerical solution to the equations. The Schwinger Dyson
equations in real time are a set of integro-differential equations, which are derived by acting with the free inverse
Green’s function GC0 (t, t
′)−1 = i∂tiδC(t−t′) in Eq. (2). Out of equilibrium one defines the greater and lesser component
of the Green’s function to be
G>(t, t′) = −i〈c(t)c†(t′)〉, G<(t, t′) = i〈c(t′)†c(t)〉. (S1)
Contour functions and their convolutions can be decomposed into these components by applying the Langreth
rules [40]. This decomposition leads to the following evolution equations for the correlation functions
i
d
dt
G≶(t, t′) =
∫ max(t,t′)
t0
dτΣR(t, τ)G≶(τ, t′) + Σ≶(t, τ)GA(τ, t′). (S2)
We integrate Eq. S2 using the trapezoid rule and obtain the prescription
G≶(T + ∆t, t′) = G≶(T, t′)− i∆t
2
[∫ max(T,t′)
−∞
dt′′ ΣRG≶ + Σ≶GA +
∫ max(T+∆t,t′)
−∞
dt′′ ΣRG≶ + Σ≶GA
]
. (S3)
As both sides explicitly depend on G≶(T + ∆t), we employ a predictor corrector scheme following Ref. 41. Step by
step the procedure is implemented as follows:
(I) Start with some initial Green’s functions G≶(t1, t2) defined on a subset of the t1 − t2 plane {(t1, t2)| − ∞ <
t1,2 ≤ T} which characterizes the (thermal) initial state
(II) Predict the entries of the Green’s functions G
≶
p (T + ∆t) along the line t′ ∈ (−∞, T ] for some arbitrary quench
protocol by setting G≶(T + ∆t) ≈ G≶(T, t′) on the right hand side of Eq. S3
(III) Calculate the predicted self energies Σ
≶
p = Σ≶[Gp(T + ∆t, t′)]
(IV) Determine the corrected entries of the Green’s functions G
≶
c (T + ∆t) by setting G≶(T + ∆t) = G
≶
p (T + ∆t) on
the right hand side of the evolution equation.
This procedure is iterated until |G≶c −G≶p | < δ converged below some tolerance. δ, G≶(T +δt) is then set equal to G≶c
and we continue by predicting the next time slice. For our purposes we chose a typical grid-size of the t1 − t2 plane
of 8000× 8000 and set δ = 10−8. The initial conditions are found by iterating the SDE in frequency space [32, 37].
Graphene flakes
Here we study the effect of laser light impinging on an irregularly shaped graphene flake by following the construction
of Ref. 35. As discussed in the main text, such a setup may provide an experimental realization of the model in Eq. 1.
The classical light impinging on the flake (see Fig. S1) is modelled by a Peierls substitution in the underlying tight-
binding model. Introducing a screened Coulomb interaction between the electrons, the Hamiltonian of the graphene
flake takes the form
Hˆlab = −J
∑
〈ij〉
ei
~A(t)(~ri−~rj)c†i cj +
U
2
∑
nˆiV (i− j)nˆj , (S4)
where ~A = (cos(Ωt)−1/2By, cos(Ωt)+ 1/2Bx, 0)T is the vector potential for the light field with frequency Ω and B is
the background magnetic field. V (i− j) is the potential for density-density interactions. It is advantageous to remove
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FIG. S1. Floquet dynamics in graphene flakes. Schematic of laser light impinging on an irregularly shaped graphene
flake. The laser light induces a periodically modulated hopping term in the SYK-description (Eq. S6). To realize our periodic
driving protocol with frequencies Ω ∼ J the laser frequency is expected to lie in the THz regime. The energy density may be
determined by measuring the transmission of the beam through the sample.
the light-induced hopping amplitude in favour of a time-dependent modulation of the local density. As in Ref. [20]
this is achieved by transforming to a rotating frame by means of a unitary
V (t) = e−i ~Alight(t)
∑
~rinˆi .
In the rotating frame all expectation values remain unchanged and the time-evolution is generated by the transformed
Hamiltonian
Hrot = ∂t ~A(t)
∑
~rinˆi − J
∑
〈ij〉
ei
~A′(~ri−~rj)c†i cj +
1
2
∑
nˆiV (|i− j|)nˆj , (S5)
now with a constant vector potential ~A′ = (−1/2By, 1/2Bx, 0)T . By projecting out all but the lowest Landau level
(LLL) and by switching to the eigenbasis of the non-interacting problem, the flake is mapped onto a charged SYK
Hamiltonian
HLLL(t) =
1
2!
N∑
ijkl=1
Jij;kl c
†
i c
†
jckcl +
N∑
αβ=1
Fαβc
†
αcβ + f(t)
N∑
αβ=1
Aαβc
†
αcβ , (S6)
where Jij;kl, Aα,β and Fαβ are random all-to-all couplings. They are approximately gaussian distributed, with zero
mean and variances |Jij;kl|2 = J2N3 , |Aαβ |2 = A
2
N and |Fαβ |2 = F
2
N [35]. N is proportional to the number of zero
modes in the LLL and scales with the flux through the sample. The strange metal behaviour appears as N  1 such
that large magnetic fields are necessary. As discussed in the main text, the flux may also be increased by considering
larger flakes which contain disordered interiors [39]. The light-induced driving term dissipates energy in the system
and leads to heating. This may realize an experimental probe of non-equilibrium dynamics in the SYK model. The
energy density is accessible by transmission spectroscopy. The heating dynamics could indicate whether the system
realizes a clean SYK model, or whether quadratic perturbations dominate the dynamics. While the phases are always
distinguishable by studying the thermal properties of the system, FL and NFL cannot be discerned by studying the
energy absorption alone if drive and hopping terms would turn out to be completely uncorrelated. In this case the
system would always heat exponentially. As the correlations between Fij and Aij determine the functional form of
the heating, they need to be analyzed on a concrete flake geometry.
